Abstract. The aim of this paper is to state and prove a polynomial analogue of the classical Manning inequality, relating the topological entropy of a geodesic flow with the growth rate of the volume of balls in the universal covering. To this aim, we use a numerical conjugacy invariant for dynamical systems, the polynomial entropy. It is infinite when the topological entropy is positive. We first prove that the growth rate of the volume of balls is bounded above by means of the polynomial entropy of the geodesic flow. For the flat torus this inequality becomes an equality. We then study explicitely the example of the torus of revolution (which is a case of strict inequality). We give an exact asymptotic equivalent of the growth rate of volume of balls.
Introduction and main results
Let (M, g) be a compact Riemannian manifold. The Hamiltonian geodesic flow is the flow associated with the geodesic Hamiltonian H on T * M defined by H : T * M −→ R (m, p) → g * m (p, p) where g * m is deduced from g m by the Legendre transform. The projections on M of the solutions of the flow are the geodesics of the metric. Throughout this paper, we consider only smooth metrics with complete geodesic flows.
1.1. Topological and polynomial entropies. Given a compact metric space (X, d) and a continuous flow φ : R × X → X : (t, x) → φ t (x), for each t > 0, one can define the dynamical metric When the topological entropy vanishes, the complexity of dynamical systems can be described by several natural non equivalent conjugacy invariantsthe polynomial entropies -which depict the polynomial growth rate of the number G t (ε) (for a complete introduction see [Mar09] ). In this paper we will focus on the strong polynomial entropy h pol (or polynomial entropy, for short). The definition of h pol is recalled in Section 2.
It has been proved by A. Manning ([Man79] ) that the topological entropy of the geodesic flow φ restricted to the unit tangent bundle SM is related to the growth rate of volume on the universal cover M of M , endowed with the lifted Riemannian metric. More precisely, Manning showed that if B(x, r) is the ball in M centered at x and of radius r and if V (x) is defined by V (x) = lim sup r→∞ 1 r Log Vol B(x, r), then V (x) ≤ h top (φ) for all x ∈ M (V (x) is in fact independent of x).
In this paper we focus on the case where h top (φ) vanishes. One may then expect the growth rate of the volume to be polynomial. Let τ (x) be defined by τ (x) = lim sup We will show in Section 3.1 that τ (x) is independent of x. Indeed, it is the degree of growth of the fundamental group π 1 (M ). We denote it by τ (M ). Section 3 is devoted to the proof of the following result.
Theorem 1. Let (M, g) be a compact Riemannian manifold and let φ be the restriction of the geodesic flow to the unit tangent bundle SM . Then
τ (M ) ≤ h pol (φ) + 1.
As a consequence, since τ (T ℓ ) = ℓ, the polynomial entropy of a geodesic flow on T ℓ is larger than ℓ − 1. For a flat metric on T ℓ , this inequality becomes an equality. More generally, completely integrable geodesic systems (see definition below) on the torus do minimize the complexity.
Entropy and integrable Hamiltonian systems.
A Hamiltonian function H on a symplectic manifold M of dimension 2ℓ is integrable in the Liouville sense when there exists a smooth map F = (f i ) 1≤i≤ℓ from M to R ℓ , which is a submersion over an open dense domain O and whose components f i are first integrals in involution of the Hamiltonian vector field X H . The fundamental example is that of completely integrable systems (one also say in "action-angle" form) on the annulus A ℓ = T ℓ × R ℓ , that is, Hamiltonian systems of the form H(θ, r) = h(r). For instance, flat metrics on the torus are in action-angle form. The structure of these systems is well known: M is foliated by Lagrangian tori T ℓ × {r 0 } on which the flow is linear with frequency ω(r 0 ) := dh(r 0 ).
In the general case, the regular set of the moment map F is a countable union of "action-angle domains" where the system is symplectically conjugate to a system in action-angle form (this is the Arnol'd-Liouville Theorem). It is well-known that the topological entropy of a system in action-angle form vanishes, so the entropy of a Liouville integrable system is "localized" on the singular set of the map F .
It has been proved by Paternain ([Pat91] ) that if M is 4-dimensional and if the Hamiltonian vector field possesses a first integral f (independent of H) such that, on a regular level E of H, the critical points of f form submanifolds, then the topological entropy of φ H in restriction to E vanishes.
In Sections 4-7, we consider the particular class T M of tori of revolution defined as follows:
where is P the space of 1-periodic smooth functions x : R → R, P + the subspace of P of positive functions, P + M the subset of Morse functions x ∈ P + such that any critical value is reached once and where Σ x,y is defined by
). Let (x, y) ∈ P + × P. For a sake of lightness, we just denote by Σ the map Σ x,y . We set T := Σ(R 2 ), it is a compact surface homeomorphic to the torus T 2 = R 2 \ Z 2 . We denote by Σ the map defined on T 2 such that the following diagramm commutes:
When T ∈ T M is endowed with the induced Euclidean metric, the geodesic Hamiltonian admits a first integral that satisfies Paternain's hypotheses. Indeed, we will see that the first integral is nondegenerate in the Bott sense. In section 4, prove that, for each torus T ∈ T M , the geodesic flow φ satifies h pol (φ) = 2. Therefore, such tori are cases of strict inequality for the theorem B.
Burago et Ivanov showed that if g is a metric on T n , and if B(x, r) is, as usual, the ball with center x and of radius r in the universal cover R n , the limit Ω(g)) := lim r→+∞ Vol B(x,r) r n exists and is independent of x. It is the asymptotic volume of g. They prove that Ω(g) is equal, up to a constant υ, to the volume V of the unit ball of the stable norm associated to g. In section 5, we will show that for T ∈ T M , the integrability of the geodesic Hamiltonian permits to compute explicitely the volume V g . Indeed, the stable norm coincide with Mather's β function which can be explicitely determinated due to the existence of the first integral.
We recall the definitions of the stable norms and of Mather's function in paragraph 5.1. In paragraph 5.2, we determinate the expression of V g for tori in T M .
Finally observe that since the set P M is dense in the Fréchet space P, our result is generic.
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Polynomial entropy
In this short section, we briefly define the polynomial entropy. For a more complete introduction see [Mar09] .
Let Φ = (φ t ) t∈R be a flow on a compact metric space X. For all t ∈ R, we can construct as before the dynamical metrics associated to Φ by setting
We denote by G 
The polynomial entropy h pol is a C 0 -conjugacy invariant and does not depend on the choice of topologically equivalent metrics on X. We emphasize the following important fact.
Let us state the following resut proved in [LM] .
Proposition 2.1. Let H : (α, I) → h(I) be a C 2 Hamiltonian function on T * T n . Let S be a compact submanifold of R n , possibly with boundary. Then the compact T n × S is invariant under the flow φ and one has
Corollary 2.1. If h is strictly convex and if S is a compact regular energy level, one gets h pol (φ | T n ×S ) = n − 1.
Volume growth of balls and the polynomial entropy.
This section is devoted to the proof of Theorem 1. Here (M, g) is a compact Riemannian manifold with Riemannian cover M .
3.1. The number τ (M ). Recall that, for x ∈ M :
We will first see that τ (x) is independent of x and of g: it is a topological invariant of M .
A growth function is a nondecreasing function R + → R + . For any x ∈ M , the map ν x : r → Vol B(x, r) is a growth function. To any nondecreasing function β : N → N, one can associate the growth function α : t → β(⌈t⌉). Therefore, the considerations below apply to nondecreasing functions N → N.
Two growth functions α 1 and α 2 are weakly equivalent if there exist constants λ, µ > 1 and C, C ′ ≥ 0 such that for all t ∈ R + ,
We then write α 1 ∼ α 2 . Let Γ be a finitely generated group and let S := (s 1 , . . . , s p ) be a set of generators. We denote by ℓ S (γ) the word length of an element γ ∈ Γ, that is, the smallest integer n for which there exists a sequence (s 1 , s 2 , . . . , s n ) of elements of
1 γ 2 ). The group Γ endowed with d S acts on itself (by conjugacies) by isometries. The growth function of the pair (Γ, S) is defined by:
The exponential growth rate of (Γ, S) is the upper limit :
Remark that if S ′ is another finite set of generators of Γ, there exists λ > 0 such that for all k ∈ N, β(Γ, S ′ , k) ≤ β(Γ, S, λk). Therefore the group Γ is said to be of exponential growth if ω(Γ, S) > 1, of subexponetial growth if ω(Γ, S) = 1 and of polynomial growth if there exists d such that β(Γ, S, k) ∼ k d . These definitions make sense since these properties do not depend on the choice of S.
A quasi-isometry between two metric spaces (X, d) and
The next theorem is due to Milor and Schwarzc (see [dlH00] or [BH99] ).
(ii) The number r := Min {d(B, γB)
With the notation of the previous theorem, we denote by β the growth function of the pair (π 1 (M ), S).
Corollary 3.1. For any x ∈ M , the maps ν x and β are weakly equivalent.
Proof. We denote by n x the order of the isotropy subgroup of x and we set λ := Max {d(x, γx) x ∈ S}. Fix k ∈ N. The closed balls B(y,
Conversely, let y ∈ B(x, k). Since the set {γB | γ ∈ π 1 (M )} is a covering of M , there exists γ ∈ π 1 (M ), such that y ∈ B(γx, R). Now by theorem 2 (ii),
Gathering ( * ) and ( * * ), we conclude the proof.
Therefore, if π 1 (M ) has exponential or subexponential growth, ν(x) = +∞. If π 1 (M ) has polynomial growth with degree d, ν(x) = d. In particular, this immediately proves the following proposition.
3.2. Proof of Theorem 1. The Riemannian connexion on M enables one to define a natural connexion on T M in the following way. If ν := (x, v) ∈ T M , the parallel transports of v along curves starting from x give rise to curves t → γ(t) = (x(t), v(t)) ∈ T M . The horizontal subspace H(ν) generated by the initial conditions (γ(0),γ(0)) of these curves is complementary to the vertical subspace V (ν) := ker d ν π. There exists a natural metric on T M , called the Sasaki metric for which H(ν) and V (ν) are orthogonal and both isometric to T x M .
In the following, M is a compact Riemannian manifold and M its universal cover (with the lifted metric). Let us fix the notation.
- their induced metrics, -φ = (φ t ) t∈R andφ = (φ t ) t∈R are the geodesic flows on SM and S M . Recall that for ε > 0, a subset A of a compact metric space (X, d) is said to be (t, ε)-separated relatively to a continuous flow (ψ t ) t∈R on X if, for any
is the maximal cardinal for a (t, ε)-separated set, one has the following inequalities
where G t (ε) is defined relatively to the distances induced by ψ t .
Proof of Theorem 1. It suffices to show that if s > h pol (φ) + 1, then s > τ (M ). Fix s > h pol (φ) + 1 and let η > 0. Then there exists t η > 0 such that for all t ≥ t η ,
Let ρ such that for all x ∈ M , the projection p : B(x, ρ) → M is injective. Fix ε > 0 such that 2ε ≤ ρ. Let t > 0. Let us construct a (t, ε)-separated set in SM for the flow (φ t ). Fix x ∈ M and let C(x, t, t + ε 2 ) be the anular zone defined by
For all a ∈ A, there exists a segment of unit speed geodesic γ a with minimal length that joins x and a. Necessarily,
So {v a | a ∈ A} is (t, ε)-separated. Since the projection T x p is an isometry,
and the set A is again (t, ε)-separated for the flow (φ t ). Now, notice that sup x∈ M Vol B(x, 2ε) is finite. Indeed, since 2ε ≤ ρ,
Consequently, since C(x, t, t + m
In both cases, one gets, setting λ(ε) = υ 2 sε :
Finally:
Since η is arbitrary, the limit above is zero and s > τ (M ).
Example 3.1. The flat torus. Let g b be the flat metric on T ℓ defined by a positive definite bilinear form b on R ℓ . The cogeodesic flow φ H on S * T ℓ is in action-angle form, so by corollary 2.1 and proposition 3.1 one has
Since the geodesic flow φ and the cogeodesic flow φ H are conjugate by the Legendre map, h pol (φ) = ℓ − 1. So the geodesic systems on the torus which are in action-angle form minimize the polynomial entropy.
4. The polynomial entropy for tori T M .
Let M be a 4-dimensional symplectic manifold and H : M → R be a smooth function. We denote by φ H the Hamiltonian flow associated with H. A first integral f of φ H is said to be nondegenerate in the Bott sense on a compact regular energy level E of H if the critical points of f |E form nondegenerate strict submanifolds. By nondegenerate, we mean that ∂ 2 f is nondegenerate on the normal subspaces to these submanifolds. We say that the triple (E , φ H , f ) is a nondegenerate Bott system. Such a system obviously satisfies the hypotheses of Paternain's theorem, and its topological entropy vanishes.
One proves that the critical submanifolds of f |E may only be circles (that is, periodic orbits of φ H )), tori or Klein bottles (see [Mar93] , [Fom88] ). A nondegenerate Bott system is said to be dynamically coherent if the critical circles C are either elliptic periodic orbits or hyperbolic periodic orbits for φ H . The connected union of a hyperbolic orbit and its invariant manifold is called an "eight-level", we write ∞-level. In [LM] , we proved the following result.
Theorem 3. Let (E , φ H , f ) be a dynamically coherent system that possesses a hyperbolic orbit. Then h pol (φ H ) = 2.
We will now show that the geodesic flow (in restriction to every energy level) on a torus of T M is dynamically coherent and possesses hyperbolic orbits. We begin with studying the critical set of p ϕ . Fix T ∈ T . The Euclidean metric of R 3 induces a Riemannian metric g on T . The pullback g := Σ * x,y g of g is a Riemannian metric on R 2 reads
where we denote by r(s) the positive square root of x ′ (s) 2 + y ′ (s) 2 . The Riemannian manifold (R 2 ,g) is the Riemannian cover of (T , g). The projection ofg on T 2 is also denoted by g, so the quotient map Σ x,y becomes an isometry between (T 2 , g) and (T , g).
Notation 4.1. We setm := (φ,s) ∈ T 2 and m := (ϕ, s) ∈ R 2 . Ifm = π(m), the spaces T * m T 2 and T * m R 2 are canonically isometric. We denote by p := (p ϕ , p s ) their elements, so that the Liouville form on T * T 2 (resp. T * R 2 ) reads λ = p ϕ dφ + sds (resp. λ = p ϕ dϕ + sds). The functions x, y and r induce functions on T 2 , also denoted by x, y and r.
The geodesic Hamiltonian H on T * R 2 reads
It is integrable in the Liouville sense, a first integral being the Clairaut integral p ϕ . It projects in a natural way on a Hamiltonian function on T * T 2 also denoted by H. The associated Hamiltonian flows on T * T 2 and T * R 2 are respectively denoted by (φ t H ) t∈R and (φ t H ) t∈R . Let ̟ * : T * R 2 → T * T 2 , π : T * T 2 → T 2 andπ : T * R 2 → R 2 be the canonical projections. The following diagram commutes.
Remark 4.1. If m stands for m orm, the orbits of ( m, p) and ( m, −p) project by π orπ onto the same geodesic which they describe in opposite sense. We set ζ : ( m, p) → ( m, −p). Every regular energy level H −1 ({e}) is a circle bundle parametrized by
Let P e be the restriction of p ϕ to H −1 ({e}). We denote by R(e) the set of regular values of P e .
Lemma 4.1. The set R(e) is a finite union of intervals −I k (e), J(e) and I k (e) with I k (e) = ]2π
Proof. Observe that P e (φ,s, θ) := 2π √ 2e.x(s) cos θ does not depend ofφ. We set P e : (s, θ) → P (0,s, θ). The critical points of P e are the pairs (s, θ) such that: θ = 0 [π] and s is a critical point of x. Since x is a Morse function, the set S of its critical points is finite and so is its set of critical values. We set x(S) := {x 1 , · · · , x n } with x 1 < x 2 < · · · < x n . One just has to remark that P −1 e ({ρ}) = ∅ if and only if
We denote bys i the unique critical point in T such that x(s i ) = x i .
Proposition 4.1. The system (H −1 ({e}), φ H , P e ) is dynamically coherent and possesses a hyperbolic orbit.
Proof. First we note that in the coordinates (φ,s, θ), X H reads
.
By lemma 4.1, the critical loci of P e are the periodic orbits . They are exchanged by the symetry ζ, so we focus on the case where θ = 0. By simple computation, one checks that: − if x i is a maximum, there exist α ∈ ]0, π[ such that the eigenvalues of Dφ T i (φ,s i , 0) are 1, e iα and e −iα , and C 0 i is an elliptic orbit. − if x j is a minimum, there exists λ > 0 such that the eigenvalues of Dφ T j (φ,s j , 0) are 1, e λ and e −λ and C 0 j is a hyperbolic orbit. Remark 4.2. The level P −1 e ({2π √ 2ex 1 }) is the disjoint union of two ∞-levels P 0 e and P π e exchanged by the symetry ζ. Set θ e :s → arccos
. The complementary set in P 0 e of the circle C 0 1 has the two following connected components: 
The asymptotic volume for tori in T M .
In this section, we briefly recall definitions of the stable norms for tori and state the result of Burago and Ivanov about the asymptotic volume. Then we briefly recall the definitions of Mather's function α and β. For a more complete introduction, we refer to [Mas96] , [BBI01] and [Pat99] for the stable norms and to [Mat91] , or to the very beautiful survey [Sor10] for Mather's theory.
5.1. Stable norms and Mather's functions. Consider a Riemannian metric g on the torus T n . With an element γ ∈ H 1 (T n , Z), we associate the set C (γ) of closed C 1 piecewise curves that represent γ. We define a function f on H 1 (T n , Z) by setting:
extends to a norm on H 1 (T n , R), called the stable norm associated with g. We denote byg the lifted metric on the universal cover R n of T n and by υ g the Riemannian volume of [0, 1] n . Identifying H 1 (T n , R) with R n we denote by V g the volume of the unit ball of || · || s .
Theorem 4. (Burago-Ivanov) For any x in the universal cover
Consider a compact Riemannian manifold M and fix a Tonelli Lagrangian L on T M . We denote by φ L its Euler-Lagrange flow and by H its FenchelLegendre transform. The Hamiltonian flow associated with H is denoted by φ H .
The orbits of φ H are contained in the energy levels H −1 (e) and those of φ L in the subsets L −1 (H −1 (e)) (where L is the Legendre transform T M → T * M ). Due to the superlinearity, the sets H −1 (e) and L −1 (H −1 (e) are compacts.
Let M (L) be the set of probability measures µ on T M that are invariant under φ L and such that T M Ldµ < ∞. The compactness of the sets L −1 (H −1 (e)) permits to prove that this set is non empty. The average action
Ldµ is lower semi-continuous and the the set of action-minimizing measures is non empty.
Given µ ∈ M (L), one defines the following linear functional on H 1 (M, R) by setting:
where η is any representent of [η]. The rotation vector, (or the homology class) of µ is the unique ω(µ) ∈ H 1 (M, R) such that
is continuous affine and surjective and the Mather's function β is defined as
One checks that β is a convex function. The following proposition is proved in [Mas96] .
Proposition 5.1. Assume that L is a geodesic Lagrangian on T T n . Then β coincide with the stable norm ||γ|| s .
If η is a 1-form on T M , it defines a new Tonelli Lagrangian on T M by setting: 
The function α and β are convex conjugate. For ω ∈ H 1 (M, R), we denote by M ω the subset of action-minimizing measures with rotation vector ω. For c ∈ H 1 (M, R) we denote by M c the subset of c-action-minimizing measures.
Definition 5.1. The Mather set M ω of a rotation vector ω ∈ H 1 (M, R) is defined as:
The Mather set M c of cohomology class c ∈ H 1 (M, R) is defined as: If H is a Tonelli Hamiltonian on T * M , the Fenchel-Legendre inverse transform defines a Tonelli Lagrangian L H on T M . Therefore, one can associate with H the Mather's functions defined by L H . We denote them by β H and α H .
Theorem 6. Let H be a Tonelli Hamiltonian. Assume there exists an exact symplectomorphism
Tonelli Hamiltonian on T * T n and admissible tori. We now consider a Tonelli Hamiltonian on T * T n . We denote by L : T T n → R its associated Lagrangian. As usual we denote by φ H and φ L their respective flows.
Definition 5.2. An admissible torus with rotation vector ω is a torus T ⊂ T * T n such that (1) T is a C 1 Lagrangian graph T := {(x, c+d x u) | x ∈ T n } whith c ∈ R n and u : T n → R,
3) The restriction of φ H to T is conjugate to the Kronecker flow φ ω on T n defined by φ ω t (x) = x + tω. The following proposition is an easy consequence of the Fenchel-Legendre inequality.
Proposition 5.2.
(1) Ifμ is another φ L -invariant probability measure
Assume now that the Hamiltonian H is in action-angle form, that is, H(x, p) = h(p). Its associated Lagrangian is of the form L(x, v) = ℓ(v). The cotangent bundle T * T n is globally foliated by admissible tori T × {c} and the tangent bundle by φ L -invariant tori T × {ω}. Identifying H 1 (T n , R) and H 1 (T n , R) with R n , one easily deduces from proposition 5.2 that: β(ρ) = ℓ(ρ), and α(c) = h(c).
In particular, one proves that
when ω = ∇h(c) and c = ∇ℓ(ω).
5.2.
The constant V g for tori of revolution. We come back to the torus of revolution. We use the notation of lemma 4.1. For e > 0, we set
5.2.1. The domains D e . For e > 0 and ρ ∈ J(e), we denote by θ e,ρ the function defined on T by θ e,ρ :s → arccos
. The set D e has two connected components exchanged by the symetry ζ and foliated by Liouville tori: D 
The domains Z •
e . Since P −1 e ({∪ n−1 k=1 I k (e)}) and P −1 e ({∪ n−1 k=1 − I k (e)}) are exchanged by ζ, we focus on the first one. For 1 ≤ j ≤ n, we denote by P e j the ∞-level defined by P e (P e j ) = x j . It is the complementary set in Z + e of the critical loci of P e . So it has a finite number of connected components D i,j , homotopic to D * × T where D * is the open pointed disc.
Their boundary is either made of piece of a ∞-level P e j and an elliptic orbit E i with x i < x j or two pieces of ∞-levels P e j and P e i with x i < x j . More precisely, 
The Liouville tori contained in D i,j are the connected union
where B e,ρ : Consequence: a) The flow φ H on a torus T e,ρ is conjugate to a Kronecker flow on the torus T 2 × {I(e, ρ)}, and the tori T e,ρ are admissible tori with rotation vector ∇H + (I(e, ρ)).
b) In the same way, the tori T e,ρ contained in D − ∞ are admissible tori with rotation vector ∇H − (I(e, ρ) ). In Appendix A, we prove that A + can be constructed such that:
• I 1 (e, ρ) = ρ and I 2 (e, ρ) = 1 0 r(t) (2e − ρ 2 4π 2 x(t) 2 )dt.
Moreover, one checks that A + preserves the Liouville form. The proof of the following proposition is given in Appendix B. Proof. Let (a, I) ∈ R 2 × B + . Let (m, p) such that A(m, p) = (a, I). We set (a 1 (t), a 2 (t)) := (a 1 (φ t (m, p)), a 2 (φ t (m, p)).
The result comes from: φ a 1 (t) I 1 Obviously, the previous corollary holds for the submanifold Ω − . We set Ω := Ω + (J) ∪ Ω − (J ). The end of the calculus is similar to the previous one and one gets the second equivalent.
3)τ ′ ρ = 
